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Q1. A couple of young designers want to see if they can take advantage of the latest
fashion for wearing cheap necklaces of random coloured plastic beads. They will
use three different shapes of beads S,,§, and S, to make four different designs

D,,D,,D, and D, . The production and expected profit each week is to be based
on the constraints that the maximum number of beads available is 3240 of §,,
3780 of S, and 2880 of S, .

A preproduction mathematical model of the project is based on the following
table which shows the number of beads required for each design and the expected
profit on its sale.

D, D, { Dy | D,

S 5166 |12

S, 4 1611216

S, 511216 |0
Profitcents |37 | 63 | 72 | 47

The problem for the designers can be modelled by the following linear
programming problem:-

Find x,x,,%,x, & Rto maximize z=37x +63x, +72x, +47x,

subject to :-
S5x 4 6x,+ 6x,+12x, < 3240 (D)
4%, + 6x,+12x,+ 6x, < 3780 (2)
5x +12x,+ 6x,+ Ox, =< 2880 (3)
X, X ,%5,%, 2 0 (4)
(a) For the linear programming problem above [3]

(i) define the decision variables x,,x,,x;,x,,
(ii) explain how the objective function z is derived.

(b) Construct the initial tableau for the solution of this problem by the [3]
Simplex algorithm and state the augmented initial basic feasible

solution (x,, x,, X5, X,, X, X5, %, ) .
[Do not perform any iterations on this initial tableau.]

(question continues on next page)
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{c) Applications of the Simplex algorithm lead to the following tableau in
which x,,x, and x, are the slack variables.

Egnzix {x |x x| x |x |x RS
O 110 010610 2 2| % 2769
1 (0% [ 0|01 | M| Yol Yl 102
2 (0| MO | 0%l | Y| 192
300 (%[ 1300 i Mt ¥ 144

(i) Obtain the objective function z given by the above tableau, and use
your exptression for z to explain why the maximum value of zis
27690,

(ii) Given that x, =307, r £ R, >0, state the resulting values of the
decision variables x,,x, and x,. Also, find the range of values r for
which this problem has multiple solutions.

(iii) Use x, = 30r, and the resulting values for x,, x, and x, found in
part (ii), to substitute in the objective function given by
z=37x,+63x, +72x; +47x, and show that z is independent of r

(iv) Find the maximum and minimum total number of necklaces that
can be produced for the same optimum profit of $276.90.
Also state how many beads are unused in each case.

(d) The designers now require answers to the following two suggestions.

(i)  Suppose the number of beads available was halved to 1620, 1890,
1440 for §,, §,, S, respectively. What would be the new values of’

Xy, Xy, %, With x; = 60 and what would be the optimal profit?

(ii)  Suppose the work is to take two weeks The number of beads
remains unchanged at 3240,3780,2880 for §,,S,,S, respectively

and x, =60 but, the profit on design D, is increased from 72 cents
to (72+w) cents, where w> 0.
What would be the optimal profit for the two weeks work?
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Q2. Two players, A and B, play a zero sum game in which 4 has strategies
4,4, 4, 4,, 4 and B has suategies B, B,,B,.B,, B;.

The payoff to 4, when 4 plays strategy A4, and B plays strategy B, , is

given by the element (d, ) in the following game matrix D),

B !B, | B | B, | B,

4 |~-1i-1{ 50| 4
413111213

matrix D, = A; 012 ol o
412107021

A | -1} 3 i=bi=-1[15

(a)  For this game, find
(i) the safest single strategy for each player,
(ii) the guaranteed minimum gain v to 4,
(iii) the guaranteed maximum loss ¥ to B
(iv) State the connection of v and v with

the value v of the game.

(b) (i) State both sets of inequalities that are used to see if one strategy
dominates another strategy in any payoff matrix for a zero sum
game between two players.

(ii) Explain how the matrix D, in part (a) may be reduced to the

-1 -1 5 0
matrix D, = 31 1 2
0 4 0 -l

(c) Using the reduced matrix D, of pat (b), suppose that A plays a mixed
strategy p £ R® with a minimum expected gain of v, ,against each of
B’s strategies, while B plays a mixed strategy q & R* with a maximum
expected loss of v,, against each of A’s strategies. Describe how the

problem, of finding the optimal values of p and q, can be formulated as
a pair of dual linear programming problems in new variables y and X.
Explain why the second row of the matrix D, is so important for the

formulation.

{question continues on next page)
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(d)  Using the payoff mattix D,, construct the initial tableau to solve the

reduced problem by the Simplex method.
[Do not perform any iterations on this initial tableau.]

(¢)  The final tableau, for the solution of this linear programming formulation
of B’s problem in the reduced game, is given below, where x,, x, and x,
are the slack variables,

Egniz| x x, x x| x |x,]|x [RS
0 [11% 0 0 0% |%|%|%
1 |0 % 0 1 0| % | Vsl | %
2 (0% 0 0 1 |%|%]|%|%
3 0% 1 0 0| Hl¥slPl|le

(i) From the above tablean find the value of the game, andp and gq.
Also find the maximum possible number of points that player B
could gain, when playing strategy B, , if both players follow the
strategies given by p and q when playing the game 2070 times.

(ii)  Suppose that the reduced game matrix D, has each and every
element increased by 3 to become the new game matiix given by

2 2 8 3
matrix D, = 6 4 4 5
37 3 2

State the value of the new game and the new values of x,,x;, x,.
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Q3.(a) Consider the following linear programming problem P.

Find x,,x,,x, ¢ R to maximize z =5x, +2x, - 2x,
subject to :-

8%, +5%,~3x, < 830 (I)
S5 HAx, +7x, 2 127 (2)

X,%,x = 0

() By introducing, and identifying, slack, surplus and artificial
variables, prepare the above constraints (1) and (2) for the
solution of P by the Simplex algorithm.

(i) Using the equation z, = z— Mx, , modify the objective function z
for solution by the Big M method.

(iti) Complete the solution of P by the Big M method
State the values of x,, x,,x, and z in the optimal solution to P.
[All entering and leaving variables must be identified in the iterations.]

(b)) Use a graphical method to find both the minimum and maximum
values of z =8y +3x subject to the following constraints:-

[y
~3

-7 £ 3y-2x
3y+2x

SR

VoIA A A
W=} I
\O\D

Graph paper must be used with a scale of 10 mm to 1 unit for both
x and y axes. A value line z =24 must be drawn, and the feasible

region clearly identified by lettering the vertices of the region
A,B,C,D,EF.

(Note: The correct graphical work will be contained in the first
quadrant by marking each axis from 0 to +16))

(ii) Find the minimum and maximum value of z =3y - 8x subject to
the same constraints in part (b)(i) above.
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Q4.(a)(i) Prove that every acyclic directed network contains a source.

(i) Given that N is an acyclic directed network , prove that the
vertices of N can be given an acyclic ordering.

(iif} Show, and explain, why Network 1 below is not acyclic and
the connection between this network and the proof in part (i).

7 3
A 4

Y
h 4

Network 1

A 4

A 4

k4

F 3

A 4

Network 2

F 3

(iv) Network 2 above is not acyclic but, can be made acyclic by changing

the direction of one and only one of the arcs.

Find this arc, change its direction, and then, give the network an acyclic

ordering v, v,,V;,V,, Vs, Ve, Vo, Vg, Vy .

(b) The table below describes a network P with five vertices v,,v,,v,,V,, Vs.
Without stating Prim’s algorithm, use the algorithm to find 2 minimum

weight spanning tree in P. State the weight of the tree.

vy [ vy | vy | v
\2 617|214
v, | 6 21415
w712 317
v, (2143 6
vl4|5171]6
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Q5.(a) The C.P.A -network below is an initial exercise to examine the work
sequence required to possibly complete a contract within three days.
There are to be twelve essential activities A .B,C,D,E,F,G,H,I,JLK,L.
Each arc of the network is lettered to denote an activity and show the
number of hours required to complete that activity using only one

worker.
D(5) H{4) 7
A C(3) F(6) G(3) K(3) L(2)
A 4 [
¥ " > v Vg
B(5) E(4) 1(6)

{i) Define the early event time ET(v) and the late event time LT(v) for an
event v in a C P.A -network.

(ii) Draw the C.P.A.-network for the contract and give your network an
acyclic labelling v,,v,,...,v, where v, represents the starting event of

the work. Also insert the ET(v) and LT(v) for each event.
Show that the shortest completion time is 27 hours.

{iii)  Given that an activity is represented by the arcv,v; with weight
w(v,v;), state the formula for the float time of this activity.

Tabulate the total float time for all twelve activities and identify any
possible critical paths on your copy of the network.

(iv) Assume that two workers, W, and W,, would agree to work nine

hours a day. By finding a three day work timetable for each worker
show that they could complete the contract in 27 hours.

(v)  Inan attempt to see if the contract can be completed in three days by
working only eight hours a day it is suggested that each of the activities
F.I and J should be reduced by 2 hours.
Enter the new ET(v)s and LT(v)s on your network (Put numbers in
above or below the original entries.) and show that the new shortest
completion time is 23 hours.

State the work timetable activities of each worker, #, and %, , in each of

the hours 21,22 and 23.

(question continues on next page)
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(b) Draw the CP.A -network for the following project with the
activities A,B and C starting from the same event at the
beginning of the project.

The network must be drawn with only seven events and using
two and only two dummy activities to show that the shortest
completion time for the project is 17 hours.

Activities | Duration(hours) | Preceding Activities
A
B 7
C 8
D 4 B
E 8 AB
F 3 C,D
G 2 E,F

Give the network an acyclic labelling v, v,,v,,v;,v,v,,v, and
enter every ET(v) and LT(v).

END OF EXAMINATION

UL09/907 Page 9 of 9

[7]



